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INTRODUCTION 
It is known that fully bounded Noetherian rings, FBN rings, are well 
behaved [6, 121. In this paper and its sequel [ 171, we show that some of the 
basic properties of FBN rings are shared by Noetherian rings satisfying 
condition (*) (see Section 3 for definition). The class of such rings includes 
FBN rings, HNP rings with enough invertibles, enveloping algebras of 
solvable Lie algebras, and group rings of polycyclic-by-finite groups over 
arbitrary commutative Noetherian rings [ 171. 
To extend the basic properties of FBN rings to the larger class of rings 
indicated above, we extend the scope of the methods used in our 
investigation of FBN rings [ 121. The methods used in [ 121 are a 
combination of properties of Noetherian bimodules, a certain equivalence 
relation - on the prime spectrum of a Noetherian ring (which we had 
encountered in connection with localization [lo]), and Krull dimension. In 
this paper, we deal with Noetherian bimodules, certain invariants of the 
equivalence relation -, and their uses for the study of Noetherian rings. Our 
main results (Theorems 3.4 and 5.6) show that any Noetherian ring 
satisfying condition (*) is fully right semi-primary (defined in Section 3) and 
that Jacobson’s conjecture holds in any Noetherian fully right semi-primary 
ring. For other uses of Noetherian bimodules and the equivalence relation -, 
we refer the reader to our investigation of localizability in Noetherian rings 
[ 10, 161. The Krull dimension aspect of the methods employed in [ 121 is 
dealt with in the sequel [ 171. 
In the first three sections, we study Noetherian bimodules. In Section 1, we 
introduce the concept of a cell and show how cells can be used as building 
blocks for arbitrary Noetherian bimodules. The attached primes of a 
Noetherian bimodule introduced in this section may be of independent 
interest. In Section 2, we classify Noetherian bimodules which are biessential 
extensions of a cell by another cell. This is used in Section 3 to characterize 
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Noetherian bimodules which are fully right semi-primary. In Section 3, we 
also define the condition (*)r and use it to show (Theorem 3.4) that if R is a 
right Noetherian ring with (*)I, then any Noetherian bimodule SBR is fully 
right semi-primary. The uses of the condition (*) for the study of finitely 
generated modules are considered in the sequel [ 171. 
In Section 4, we use Noetherian bimodules to define an equivalence 
relation - on the class of all Noetherian prime rings and an equivalence 
relation N on the prime spectrum of a Noetherian ring. We then show how to 
define cell chains for a Noetherian bimodule ,B, such that the prime 
annihilators of successive quotients are equivalent (in the sense of -) to 
assassinator primes of B,. They give us a good hold over SBR in terms of - 
and information about the bottom of sB,. These chains and Lemma 4.1 
indicate that information about invariants of - is of interest. 
In the last two sections, we study two invariants of - which are related to 
Jacobson’s conjecture. In Section 5, we show (Theorem 5.3) that if R and S 
are equivalent prime Noetherian rings then R is subdirectly irreducible iff S 
is so. Using cell chains from Section 4, it is then immediate (Theorem 5.6) 
that P’(R) = 0 for any Noetherian fully right semi-primary ring R. This 
generalizes our earlier result concerning FBN-rings [5, 121. We also show 
that Jacobson’s conjecture holds for Noetherian right Morita rings and 
examine the obstacles in establishing the validity of Jacobson’s conjecture for 
the class of semi-local Noetherian rings (see comments after Lemma 5.10). 
In Section 6, we show (Theorem 6.1) that if R and S are equivalent prime 
Noetherian rings then R is semi-primitive iff S is so. In fact, we show that 
the conclusion is valid under much weaker hypothesis. It implies that J(R) is 
nilpotent if R is a Noetherian ring and the assassinator primes of R, are 
semi-primitive. This can be used to get an alternative, albeit a bit involved, 
proof of the validity of Jacobson’s conjecture for Noetherian fully right semi- 
primary rings. It also implies the validity of Jacobson’s conjecture for 
Noetherian rings of Krull dimension one. 
The results of this paper were presented at the AMS summer 1977 meeting 
at Seattle [ 131 and also at LMS Symposium at Durham [ 141. 
1. NOETHERIAN BIMODULES AND CELLS 
In this section, we introduce the concept of a cell and show how cells can 
be used as building blocks for arbitrary Noetherian bimodules. 
Let R and S be rings. In all the (S, R)-bimodules B, it is understood that 
S acts on B from the left side and R acts from the right side. An (S, R)- 
bimodule B is a Noetherian bimodule if S is a left Noetherian ring, R is a 
right Noetherian ring, and the modules sB and B, are Noetherian. A 
bimodule SBR is faithful if rR(B) = 0 = l,(B). 
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A right cell is a non-zero Noetherian bimodule sBR such that rR(B) is a 
prime ideal of R, B is torsionfree as a right module over R/r,(B), and, for 
every non-zero subbimodule C of B, B/C is unfaithful as a right module over 
R/r,(B). A left cell is defined analogously. A cell is a Noetherian bimodule 
which is a right cell as well as a left cell. If a subbimodule C of a Noetherian 
bimodule B is a (right) cell, we often refer to C as a (right) cell in B. 
We proceed to show that cells exist in abundance. A trivial, but very 
useful, observation first; cf. [ 16, Lemma 1.11. 
1.1. LEMMA. Let ,B, be a Noetherian bimodule. If R is semi-prime then 
the torsion submodule of B, is annihilated by a regular element of R. Thus, tf 
R is prime, then B, is a torsion module iff it is unfaithful. 
Proof Since the torsion submodule T of B, is a subbimodule of B, we 
have T = C Sx, for some finitely many elements xi in T. The right common 
multiple property of ul,(O) yields Tc = 0 for some c E @JO). I 
1.2. PROPOSITION. Every non-zero Noetherian bimodule contains a cell. 
Proof. Let sBR be a non-zero Noetherian bimodule. Choose an ideal P of 
R maximally among the right annihilators of non-zero subbimodules of B. 
Then P is a prime ideal of R and C = rB(P) is a non-zero subbimodule of B. 
Using Lemma 1.1, it is immediate that C is finitely generated and torsionfree 
as a right (R/P)-module. So, given any infinite descending chain {M,: n > 0} 
of right (R/P)-submodules of C, all but a finite number of the factor modules 
MnI~n + 1 are torsion (R/P)-modules. It follows that C contains a right cell, 
say D. Since any non-zero subbimodule of a right cell is also a right cell, the 
above argument applied to D from the left side yields a cell in B. 1 
1.3. PROPOSITION. Let sBR be a non-zero Noetherian bimodule and let 
MR be a uniform right R-submodule of B such that ass MR = r,@). Then M 
is torsionfree as a right module over R/r#4). 
Proof. Choose a cell C in B. If M f? C # 0, it is easily seen that Mn C 
and so M is torsionfree as a right module over the prime ring R/r&M). If 
M n C = 0, then M embeds in B/C and a Noetherian induction takes care of 
it. I 
We recall that two injective modules are said to be similar if each one can 
be embedded in a finite direct sum of the other. As usual, we denote the 
injective hull of a right R-module M as E(M,) or E(M) if there is no 
ambiguity. 
1.4. THEOREM. Let sBR be a Noetherian bimodule. Then E(B,) is 
similar to @{E(R/P): P E ass BR}. 
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Proof. We can choose a finite set {M,: 1 <i Q n) of uniform right R- 
submodules of B, such that ~SS Mi = rR(Mi), 1 <i < n, and sum C{Mi: 
1 < i < n} is direct and essential in B,. So, E(B,) = @y= i E(M,). Clearly, 
ass B, = {r&Vi): 1 Q i < n} and routine arguments along with 
Proposition 1.3 suffice to show that each E(M,) is similar to 
WIrR(~J)R. 1 
We have to introduce some terminology before we can state our next 
result. Two (S, R)-cells are said to be subequivalent if they contain 
isomorphic subcells. A subbimodule C of a Noetherian bimodule B is 
biessential in B and B is a biessential extension of C if C n D # 0 for every 
non-zero subbimodule D of B. A Noetherian bimodule B is biuniform if B is 
non-zero and C n D # 0 for all non-zero subbimodules C, D of B. A finite 
set of cells {C, ,..., C,} in a Noetherian bimodule B is a complete set of cells 
in B if the sum C{ Ci: 1 < i < n) is direct and biessential in B. 
1.5. THEOREM. Let sBR be a non-zero Noetherian bimodule. Then, 
(a) Any set of cells in B whose sum is direct can be extended to a 
complete set of cells in B. 
(b) There exists a complete set of cells in B, say {C, ,..., C,}. This set 
is uniquely determined up to subequivalence and permutation. The sequence 
{ rR(CI): 1 Q i < n} of prime ideals of R and the sequence { f s(C,): 1 < i < n} 
of prime ideals of S are uniquely determined up to permutation. In 
particular, the integer n is uniquely determined. 
Proof. Let {C, ,..., C,} be a finite (possibly empty) set of cells in B such 
that the sum C{C,: 1 < i < m} is direct. If this sum is not biessential in B, 
then using Proposition 1.2, we get a cell C,, i in B such that C{ Ci: 1 < i < 
m + 1 } is direct. Due to the ascending chain condition, the argument cannot 
be repeated indefinitely. This extends {C, ,..., C,} to a complete set of cells in 
B. This proves (a) and the existence part of (b). 
We now prove the uniqueness part of (b). For every (S, R>bimodule D, 
let 8’(D) denote the (S, R)-bimodule injective hull of D (equivalently, the 
injective hull of D as a right module over the ring R Oz Sop). Let {C, ,..., C,} 
and {D1 ,..., Dk} be two complete sets of cells in B. Since cells are biuniform, 
the bimodules Z(C,) and g(Dj) are indecomposible injectives. Moreover, 
B(B) E @YE i Z’(C,) z G$= i 8’(Dj). Using the Krull-Schmidt-Azumaya 
Theorem [ 18, p. 1051, it follows that k = n and, after reindexing if necessary, 
there exist bimodule isomorphisms fi: Z’(C,) + 8’(D,), 1 < i < n. Since 
fi(C,) n Di # 0, it follows that Ci and Di are subequivalent; hence, rR(Ci) = 
rR(Di) and r,(Ci) = I,(D,), 1 <i < n. 1 
Let {C, ,..., C,} be a complete set of cells in a Noetherian bimodule sB,. 
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We call the prime ideals rR(Ci), 1 < i < n, as the right attached primes of 
sBR and denote the set of the right attached primes of sBR as att’ sBR or as 
att’B if S and R are clear from the context. 
It should be evident at this stage that the role played by cells in relation to 
Noetherian bimodules is similar to the role played by uniform modules in 
relation to Noetherian right modules. It is then natural to regard att’B as a 
bimodule analog of the assassinator of a Noetherian right module. 
A comparison between att’B and ass B, is of interest. Evidently, att’B G 
ass B,. In general, this inclusion may be strict. However, the equality holds 
if B is right semi-primary. (See Lemma 3.1.) 
1.6. PROPOSITION. Let sBR be a non-zero Noetherian bimodule. Then, 
for every Q E ass B,, there exists P E att’B such that Q E P. 
Proof. Evidently, r,(Q) is a non-zero subbimodule of B and 
r,(l,(Q)) = Q. Choose a cell C in I,(Q). Then Q G r,JC) E att’B. I 
2. BIESSENTIAL EXTENSIONS OF A CELL BY A CELL 
In this section, we shall classify biessential extensions of a cell by a cell 
with the help of one-sided module structure of these bimodules. The right 
uneven bimodules introduced in this section are used in Section 3 to charac- 
terize fully right semi-primary bimodules (Theorem 3.2). 
2.1. PROPOSITION. Every biuniform Noetherian bimodule contains a 
unique largest cell. 
Proof. Let C, D be cells in a biuniform Noetherian bimodule sBR and let 
A = C + D. We proceed to show that A is a cell. Since Cn D # 0, we have 
rR(C) = r,(D) = P, say. Evidently, rR(A) = P. The torsion submodule t(A) of 
the right (R/P)-module A is a subbimodule of A and Cn f(A) = 0; so, 
t(A) = 0. Since C/(Cn D) and D/(C n D) are unfaithful as right (R/P)- 
module, so also is A/(Cn 0). Since C n D is a cell, it follows that A is a 
right cell. Similar argument works on the left side. The result follows. 1 
We call a biuniform Noetherian bimodule SBR right uneven if B contains a 
cell C such that B/C is a cell, rR(B/C)$ rR(C) and Cf I,(r,(B/C)). In this 
situation, it is easily seen that C is the unique largest cell in B. A left uneven 
bimodule is analogously defined. A Noetherian bimodule is uneven if it is 
right uneven and left uneven. 
For the rest of this section, we take sBR to be a biuniform Noetherian 
bimodule with C as its unique largest cell. We denote rR(C), r,(C), rR(B/C), 
and I,(B/C) as P, P’, Q and Q’, respectively. 
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2.2. PROPOSITION. The bimodule sBR is right uneven t# ass B, = {P, Q} 
tfl P # Q and C, is an inessential right R-submodule of B,. 
Proof. For the “only if’ parts use the fact, cf. [ 16, Proposition 1.31 that 
over a prime right Noetherian ring, any essential extension of torsion module 
is torsion. For the “if’ parts, consider the subbimodule D = i,(Q). Since C, 
is inessential in B,, we have 0 # D; so, C n D # 0. This yields Q E P and so 
Cs D. Thus B is right uneven. 1 
2.3. COROLLARY. The bimodule sBR is either right uneven or ass B, = 
{PI. 1 
2.4. PROPOSITION. Suppose C,, is an essential right R-submodule of B,. 
Then C = I,(P), P’ or Q’ and I’,(Q) is 0 or C. 
Proof. Set D = I,(P). Evidently, C G D and D is a subbimodule of B. If 
possible, let C$ D. Then the right (R/P)-module C is torsionfree and 
essential in the right (R/P)-module D; so, D is torsionfree and D/C is torsion 
as right (R/P)-module. Using Lemma 1.1, we get g E %&,(O) such that 
Dg G C. It is clear that the right multiplication by g defines a 
monomorphism of the left S-module D into C. Thus P’D = 0, D is 
torsionfree as a left (S/P’)-module and its uniform dimension is the same as 
that of C. It follows that D/C is torsion and so unfaithful as a left (S/P’)- 
module and also as a right (R/P)-module. It follows that D is a cell in B, 
contradicting our choice of C. Hence C = I,(P). 
Since (P’B) Q = 0, we have P’B c r,(Q). Thus, if r,(Q) = 0, we have 
P’ c Q’. If r,(Q) # 0 then Cn i,(Q) # 0 which yields Q G P and C c r,(Q). 
If Q$ P then C is a torsion right (R/Q)-module and the assumed essentiality 
of C, in B, implies C = I,(Q) cf. [ 16, Proposition 1.31. If Q = P then, as 
shown above, C = 1,(P). Now, P’B c r,(Q) = C implies P’ G Q’. a 
2.5. COROLLARY. Suppose sBR is left uneven. Then C, is inessential in 
B, . Moreover, either (1) B is right uneven or (2) C$ I,(P) and Q = P = 
ass B, . 
Proof. The left unevenness of B yields Q’ $ P’. So, due to 
Proposition 2.4, C, cannot be right essential in B,. If P # Q, Proposition 2.2 
shows that B is right uneven. On the other hand, if P = Q, the right inessen- 
tiality of C, in B, yields C$ IB(P). It follows that ass B, = (P}. fl 
We note that if sBR is left uneven but not right uneven then P’ $ Q’ and 
the cells s,pCR,p and cs,af,(B/C),,, are faithful. We do not know any such 
example. 
2.6. PROPOSITION. The bimodule sBR is uneven iff P # Q and P’ # Q’. 
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Proof. Suppose P # Q and P’ # Q’. If possible, let C be essential in B as 
a right R-submodule and also as a left S-submodule. Assume for a moment 
that P’BfO. Then gB#O for some gEP’; so, CngB#O=(CngB)Q 
which yields Q C_ P, contrary to Proposition 2.4. Thus P’B = 0. Similarly, 
BP = 0. It is then easy to see that B is a cell, contradicting our choice of B. 
Hence either CR is inessential in B, or ,C is inessential in sB. 
Proposition 2.2 and Corollary 2.5 now show that B is uneven. The converse 
is trivial. I 
3. PRIMARY DECOMPOSITION 
In this section, we define fully right semi-primary Noetherian bimodules 
and characterize them using right uneven bimodules. We also introduce 
condition (*)r and show that a Noetherian bimodule SBR is fully right semi- 
primary if R satisfies (*)r. 
Following Gabriel [3] and Gordon [6], we call a non-zero Noetherian 
bimodule sBR a right primary bimodule if ass B, is a singleton set; if 
ass B, = {P}, sBR is said to be right P-primary. Evidently, every non-zero 
subbimodule of a right P-primary bimodule is right P-primary. Theorem 1.4 
implies that a Noetherian bimodule is right P-primary iff E(B,) and 
E((R/P),) are similar. 
A Noetherian bimodule is right semi-primary if it is bimodule isomorphic 
with a subbimodule of a finite direct sum of right primary bimodules. 
Evidently, a Noetherian bimodule sBR is right semi-primary iff there exists a 
finite number of subbimodules B ,,..., B, of B such that each B/B, is right 
primary and nl= i B, = 0; such a set {B, ,..., B,} is called a right primary 
decomposition of B. Clearly, a subbimodule of a right semi-primary 
bimodule is right semi-primary. We emphasize that a right primary decom- 
position of a bimodule is in terms of bimodules, not just right modules. We 
call a Noetherian bimodule fufly right semi-primary if each factor bimodule 
of it is right semi-primary. The terms (left) primary, (left) semi-primary, and 
fully (left) semi-primary are defined following the usual pattern. For 
examples of Noetherian rings which are not fully semi-primary, see [ 1,2]. 
3.1. LEMMA. If sBR is a right semi-primary bimodule then att’B = 
ass B, . 
Proof. Let {B,,..., B,} be a right primary decomposition of B. By 
omitting a few subbimodules Bi if necessary, we may assume that 0 = 
fly=, B, is an irredundant intersection. Let Pi = ass(B/B,), and Di = 
n{B/: 1 <j < n, i #j}. Since D, # 0 = D, n B,, it follows that Di can be 
embedded in B/B,. Thus D,, and so B, contains a cell C, with rR(Ci) = Pi. 
Hence Pi E att’B, 1 < i < n. 
481/71/2-7 
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Let QEassB,. Choose a uniform right submodule M of B with 
ass M = Q. Since Mn B, = 0 for some i, it follows that Q = Pi for some i. 
Thus ass BR E att’B. The other inclusion is trivial. I 
We shall call a Noetherian bimodule (right) even if it does not have any 
(right) uneven subfactor bimodule. 
3.2. THEOREM. A Noetherian bimodule is ful& right semi-primary t#it is 
right even. 
Proof. It is clear from Proposition 2.2 that a right uneven bimodule is 
biuniform but fails to be right primary; so, it fails to be fully right semi- 
primary. This proves the only if part. 
Suppose some factor bimodule of a Noetherian bimodule B fails to be 
right semi-primary. Replacing B by a suitable factor bimodule if necessary, 
we may assume that B is not right semi-primary but every proper factor 
bimodule of B is right semi-primary. It follows that B is biuniform but not 
right primary. By Proposition 2.1, B has a unique largest cell, say C. Let P = 
rR(C). Since B is not right primary, we have Q E ass B,, Q #P. By 
Proposition 1.6, P+J Q. Consider the bimodule D = I,(Q). Clearly, C$ D 
and Q E ass D. Since B/C is right semi-primary, Lemma 3.1 applied to D/C 
yields a cell 2 in D/C such that rR(z) = Q. Let A be the full inverse image of 
x in D. Then ass A, = {P, Q}. Proposition 2.2 now shows that A is right 
uneven. I 
3.3. COROLLARY. A Noetherian bimodule,B, is fully right semi-primary 
lfl att’ B = ass B, for every factor bimodule B of B. I 
A prime ideal P in a right Noetherian ring R is said to satisfy condition 
(*)r if, given any prime ideal Q$ P, every finitely generated submodule of 
the right (R/Q)-injective hull of R/P is unfaithful as a right (R/Q)-module. A 
right Noetherian ring R is said to satisfy condition (*)r if every prime ideal 
of R satisfies (*)I. As usual, a Noetherian ring R is said to satisfy condition 
(*) if it satisfies (*)r and its left hand analog. 
3.4. THEOREM. Let R be a right Noetherian ring satisfying condition 
(*)r. Then every Noetherian (S, R)-bimodule is fully right semi-primary. 
Proof. Suppose there exists a right uneven (S, R)-bimodule B. Let C be 
the unique largest cell in B, P = rR(C) and Q = rR(B/C). Then Q$ P and we 
may assume without loss of generality that Z?Q = 0. Choose a right R- 
submodule K of B maximally subject to C fl K = 0. Let Z = r,(B/K). By 
condition (*),., we have Q$ I; so, BZ is a non-zero subbimodule of B and 
C n (BZ) G CnK = 0, which contradicts the biuniformity of B. The 
Theorem now follows from Theorem 3.2. a 
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It is easily seen that a right FBN ring satisfies condition (*),. Thus 
Theorem 3.4 includes a result of Gordon [6] that FBN rings are fully semi- 
primary. 
Other examples of rings satisfying condition (*)r arise due to its 
connection with the right AR-property. A prime ideal P in a right Noetherian 
ring R is a right poly-AR ideal if, given any prime ideal Q$ P, there exists 
an ideal I, with Q$Zc P, such that Z/Q has the right AR-property in R/Q. 
Naturally, R is a right p&AR ring if all its prime ideals are right poly-AR. 
It is immediate that a right poly-AR prime ideal satisfies (*),; cf. [ 16, 
Proposition 2.81. It is known that an ideal in a right Noetherian ring has the 
right AR-property if it is either invertible or is generated by a normal 
element. It follows that HNP rings with enough invertibles and enveloping 
algebras of solvable Lie algebras over algebraically closed fields [22] are 
poly-AR rings and so satisfy condition (*). We shall show elsewhere that 
group rings of polycyclic-by-finite groups over commutative Noetherian 
rings satisfy (*). This is closely connected with some results obtained 
independently by Brown [ 11. We note that our results, particularly those in 
[ 171, partially overlap with those of Brown. 
For uses of condition (*) in connection with localization, see [ 161. 
4. AN EQUIVALENCE RELATION 
In this section, we recall, in a suitably generalized form, the equivalence 
relation on the prime spectrum of a Noetherian ring which we had 
introduced in connection with localization [ 10, 161 and FBN rings [ 121. The 
cell chains defined in this section play a crucial role in utilizing information 
about invariants of our equivalence relation. 
Let R and S be prime Noetherian rings. If SBR is a Noetherian bimodule 
such that the modules ,B and BR are faithful and torsionfree then S is said to 
be left equivalent to R via B, which we shorten as “S + R via B.” We call R 
and S equivalent, R - S, if there exists a finite sequence S = R,, 
R I ,..., R, = R of prime Noetherian rings such that, for each i = l,..., n, either 
Ri- I is left equivalent to Ri via some B, or Ri is left equivalent to Rim 1 via 
some Bi. Invariants of this equivalence relation will be one of our major 
concerns in Sections 5 and 6 as well as [17]. 
An analogous equivalence relation defined with the help of a given 
Noetherian bimodule is also very useful. Thus, let R and S be arbitrary 
Noetherian rings and SBR be a Noetherian bimodule. If P, Q E spec R and 
C$ D are subbimodules of R then Q is said to be left related to P via C c D 
if QD + DP c C and R/Q 4 R/P via D/C; we express this as Q tiB P via 
Cc D. Naturally, Q e’B P if Q 4B P via CcD for some Cc D. The 
relation Q MB P is analogously defined when Q, P E spec S or when Q E 
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spec S and P E spec R; in the latter case, C and D are subbimodules of B. 
Now, given P, Q E (spec S) U (spec R), we say that Q is related to P via B, 
Q -BP, if there exists a finite sequence Q = P,, P,,..., P, = P such that, for 
each i = l,..., n, either Pipi tiB Pi or Pi tiB Pi- I . This, in particular, defines 
an equivalence relation on spec R which we had discovered in [lo]. For a 
one-sided version of it, see [ 161. 
We proceed to recall the main Lemma 1.5 of [ 161 which is needed in the 
construction of suitable cell chains. 
4.1. MAIN LEMMA. Let M be a right module over a Noetherian ring R 
and let P, Q be prime ideals of R. Assume that the following three conditions 
hold: 
(1) The submodule L = d,(P) is nonzero and essential in P and, as a 
right (R/P)-module, L is torsionfree; 
(2) M/L is uniform with ass(M/L) = Q. 
(3) For every submodule N of M which is not contained in L, r,&N) = 
5 W>. 
Then one of the following two mutually exclusive conditions holds: 
(a) rR(M) = Q$ P. In this case, M and M/L are faithful torsion right 
(R/Q)-modules. 
(b) Q &R P via rR(M)$ Q (7 P. In this case, M/L is torsionfree as a 
right (R/Q)-module. 1 
We now consider chains of subbimodules of Noetherian bimodules. It is 
evident after Proposition 1.2 that every Noetherian bimodule B contains a 
cell chain (a right cell chain); viz., a finite sequence 0 = B, c B, c . . . c 
B, = B of subbimodules of B such that each BJBi-, is a (right) cell. Our 
analog of the Jordan-Holder theorem for modules over FBN rings [ 121 lead 
us to seek cell chains over which we have better control. 
The following result appears in [16]; for the sake of convenience, we 
provide its proof. 
4.2. THEOREM. Let R be a Noetherian ring and sBR be a non-zero 
Noetherian bimodule. Then there exists a chain 
O=B,cB,c...cB,=B 
of subbimodules of B such that Pi = rR(BJBi-,) is a prime ideal of R, each 
BJB,-, is torsionfree as a right (R/P,)-module and each Pi is related via R 
to some prime ideal in ass B,. 
Proof Choose P, maximally among ass B, and set B, = I’,(P,). Then 
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B, is a subbimodule of B and Lemma 1.1 implies that B, is torsionfree as a 
right (R/P,)-module. Let Q E ass(B/B,),. By Proposition 1.3, B/B, contains 
a uniform right submodule B such that KQ = 0 and j? is torsionfree as a 
right (R/Q)-module. Let K be the full inverse image of E in B. If B, is an 
inessential right submodule of K, then Q E ass B,. On the other hand, if B, 
is an essential right submodule of K, choose a submodule M of K such that 
M @ B, and T&V) is as large as possible. The main Lemma 4.1 then shows 
that Q tiR P via rR(m c Q n P. A Noetherian induction now finishes the 
proof. I 
We point out that our use of the above chain in connection with 
Jacobson’s conjecture was reported at the AMS summer meeting at Seattle in 
August 1977. Subsequently, the chain has been used by Stafford [25], who 
calls it an affiliated series and ascribes it to Lenagan. 
For a use of Theorem 4.2 in connection with localization, see [16, 
Theorem 5.31. 
The following theorem provides a better series for even Noetherian 
bimodules. 
4.3. THEOREM. Let R, S be Noetherian rings and sBR be an even 
Noetherian bimodule. Then there exists a cell chain 
O=B,cB,c...cB,=B 
such that each rR(B,/BipI) and I,(BJB,-,) is related via B to someprime in 
att’ B. 
Proof. By way of Noetherian induction, we may assume that the 
conclusion holds for proper factor bimodules of B. 
Suppose B is biuniform. By Proposition 2.1, B contains a unique largest 
cell, say C. The result trivially holds if B = C. Suppose B # C. Let 
{C, ,***, Cm} be a complete set of cells in B/C and let C, be the full inverse 
image of c! in B, 1 < i < m. Let P = rR(C) and Qi = rR(cJ, 1 < i < m. By 
Corollary 2.3, Ci is either right uneven or right P-primary. Suppose Ci is 
right P-primary. If C is right inessential in C, then P = Qt. If C is right 
essential in Ci then using Lemma 1.1, Proposition 2.4, and the main 
Lemma 4.1, it follows that Q, tiR P. Now suppose Ci is right uneven. Since 
B is even, C, cannot be left uneven. By Corollary 2.5, l,(C) = l,(C,lC). 
Since P is related to I,(C) via B and Qi is related to I,(CJC) via B, it 
follows that P is related to Qi via B. The required chain is now obtained by 
using the Noetherian induction hypothesis for B/C. 
Now suppose B is not biuniform. Let {B1,..., Bk} be a complete set of cells 
in B. For each i = l,..., k, choose a subbimodule Di of B maximally subject 
to Din B, = 0 and D, 1 ~{BJ: 1 Q i ( k; j # i). Since k > 1, each B/D, is a 
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biuniform proper homomorphic image of B with att’(B/Di) = TR(Bi) E att’ B 
and nf=,Di=O. SetAi=n{D,:i<j<k} andA,+,=B. So,eachAi+,/Ai 
is a subbimodule of B/D;. Using the Noetherian induction hypothesis for 
each B/B,, it is now easy to get the required cell chain for B. 1 
Trivial modifications of the above proof yield a stronger version of 
Theorem 4.3 for right even bimodules. We omit details. 
5. JACOBSON'S CONJECTURE AND SUBDIRECT IRREDUCIBILITY 
In the first half of this section, we show that subdirect irreducibility is an 
invariant of - and use this to prove Jacobson’s conjecture for even 
Noetherian rings. In the latter half, we discuss Jacobson’s conjecture in case 
of semi-local rings and show that it holds for Noetherian right Morita rings. 
5.1. LEMMA. Let sBR be a Noetherian bimodule. Then, for all positive 
integers m, n, M, x”(B) is a Noetherian (M,,,(S), M,(R))-bimodule whose 
lattice of subbimodules is naturally isomorphic with that of sB,. If R is a 
prime Noetherian ring and B, is non-zero and torsionfree then, for a suitable 
choice of m, n, M,,,(B) is M,(R)- isomorphic with an essential right ideal of 
M,(R)- 
Proof. The first part is trivial. Choose the uniform dimensions of R, and 
B, as m and n, respectively. Then the uniform dimensions of the right 
M,(R)-modules M,(R) and Mmx JB) are equal to mn. This implies that the 
right M,(R>module M,,, x ,(B) can be embedded in M,(Q) where Q is the 
simple Artinian quotient ring of R; say, M, x ,(B) = xi=, xiM,(R) c M,(Q). 
Then, using the left common multiple property in M,(R), we get a regular 
element c in M,(R) such that cxI E M,(R), 1 < i < t. This embeds M,,,(B) 
in M,(R) and a uniform dimension argument shows that the image of 
M,,,(B) must be an essential right ideal of M,,(R). 1 
We recall that the heart I&B,) of a bimodule sBR is the intersection of 
all non-zero subbimodules of sBR. A bimodule sBR is said to be subdirectly 
irreducible if I&B,) # 0. A ring R is subdirectly irreducible if RRR is so. 
5.2. LEMMA. Let R be a prime Noetherian ring and sB, be a right cell 
with rR(B) = 0. Then R is subdirectly irreducible iff ,B, is so. 
Proof. Suppose I&B,) = 0. Then, for every non-zero subbimodule C of 
B, we have rR(B/C) # 0; this yields BH(R) 5 C. Thus, BH(R) = 0 and SO 
II(R) = 0. 
Conversely, suppose H(R) = 0 but H(B) # 0. We may then assume 
without loss that B = H(B). If necessary, by using Lemma 5.1 and replacing 
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,B, by a suitable matrix bimodule over suitable matrix rings, we may 
assume that B, is an essential right ideal of R. We note that, even after this 
change, we have H(B) = B and H(R) = 0. Now choose a non-zero ideal Z of 
R such that B $ B n Z 1 BZ. Since BZ is a (S, R)-subbimodule of B, we have 
BI = 0; so, Z = 0, contrary to our choice of I. 1 
5.3. THEOREM. Let R and S be equivalent prime Noetherian rings. Then 
R is subdirectly irreducible iff S is so. 
Proof. Immediate from Proposition 1.2 and Lemma 5.2. 1 
We note that “simple Artinian” is also an invariant of w; cf. [ 16, 
Theorem 1.81 and [19]. 
Let R be an arbitrary ring. As usual, we denote the Jacobson radical of R 
as J(R) and OF==, J”(R) as J”(R). Jacobson’s conjecture states that 
J”(R) = 0 if R is a right Noetherian ring. Although the conjecture is known 
to be false for right Noetherian rings [8], it is open for Noetherian rings and 
known to be true for FBN-rings [12] and Noetherian rings of Krull 
dimension one [20] (see Section 6). 
We now relate Jacobson’s conjecture to subdirect irreducibility. 
5.4. PROPOSITION. Let R be an arbitrary ring. Then J“‘(R/Z) = 0 for 
every two-sided ideal Z of R tg the Jacobson radical of every subdirectly 
irreducible factor ring of R is nilpotent. 
Proof. Let R/I be a subdirectly irreducible factor ring of R. If J”(R/Z) is 
non-zero for all n then 0 # iY(R/Z) c J”(R/Z). This proves the only if part. 
For the converse, let T be any factor ring of R. For each non-zero t E T, 
use Zorn’s lemma to choose an ideal I, of T maximally subject to t&Z,. 
Since T/Z, is subdirectly irreducible, we have {J(T)/Z,}” cJ”(T/Z,) = 0 for 
some positive integer n. Hence t &J”(T); so J”(T) = 0. 1 
5.5. COROLLARY. Let A be a class of (right) Noetherian rings which is 
closed under homomorphic images. Then Jacobson’s conjecture holds for 
every ring in A iff, for every subdirectly irreducible ring in A, the Jacobson 
radical coincides with the prime radical. 1 
We now prove our main result concerning Jacobson’s conjecture. (See 
remarks after Theorem 6.8.) 
5.6. THEOREM. Zf R is a Noetherian ring such that no subdirectly 
irreducible factor ring of it contains an uneven subbimodule then J”(R) = 0. 
In particular, Jacobson’s conjecture holds for all Noetherian fully right semi- 
primary rings. 
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Proof. For Noetherian fully right semi-primary rings, the validity of 
Jacobson’s conjecture is immediate from Theorems 4.3 and 5.3. 
To see that the more general statement is true, let S be a subdirectly 
irreducible factor ring of R. By Proposition 2.1, S has a unique largest cell, 
say C. Let {c, ,..., cm} be a complete set of cells in S/C. Let P = rR(C) and 
Qi = r,(Ci), 1 < i < m. Then as in the proof of Theorem 4.3, we see that 
P mS Q,, 1 < i < m. Lemma 5.2 shows that S/P is subdirectly irreducible; so, 
by Theorem 5.3, each S/Q, is subdirectly irreducible. Using Lemma 5.2 
again, we see that each Ci is subdirectly irreducible. Now, following the 
proof of Theorem 4.3, we get a cell chain 0 = B, c ... c B, = B such that 
each S/r,(BdBi- ,) is subdirectly irreducible. Since J(S) E r,(Bi/Bi-,), 
1 < i < n, it follows that St(S) = 0. Proposition 5.4 then yields J”(R) = 0. I 
As noted after Theorem 3.4, FBN rings are fully semi-primary. Thus, 
Theorem 5.6 includes our earlier result that J”(R) = 0 if R is FBN [ 121. We 
note that, at present, nothing significant is known about the structure of 
subdirectly irreducible Noetherian rings. 
We now turn to semi-local Noetherian rings and show that Jacobson’s 
conjecture for this class is equivalent to some structural information about 
subdirectly irreducible semi-local Noetherian rings. 
5.7. PROPOSITION. A subdirectly irreducible semi-local right primary 
Noetherian ring is Artinian. 
Proof. Let R be a ring with the stated properties and let ass R, = {P}. 
Since H(R),,r is a semi-simple module, it follows [ 16, Lemma I.61 that R/P 
is simple Artinian. Since “simple Artinian” is an invariant of -, Theorem 4.2 
(or 4.3) implies that R is Artinian. I 
We now introduce a variant of the AR-property. An ideal I in a ring R is 
said to have the right (resp. two-sided) AR-property if, given any right (resp. 
two-sided) ideal K of R, there exists a positive integer n such that K n I” s 
KI. 
5.8. PROPOSITION. Let R be a semi-local Noetherian ring. Then the 
following three conditions are equivalent: 
(1) All subdirectly irreducible factor rings of R are Artinian. 
(2) J(R) has the two-sided AR-property. 
(3) J”(R/I) = 0 for each ideal I of R. 
Proof. (1) * (2). Let T be a two-sided ideal of R. By Nakayama’s 
lemma, TJ(R)$ T. Choose an ideal W of R maximally subject to T n W = 
TJ(R). Since (T + w)/ W is semi-simple as a right module and biessential as 
a subbimodule of R/W, we can use a complete set of cells in (T + W)/ W to 
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see that R/W is a finite subdirect sum of subdirectly irreducible rings. Thus 
R/W is Artinian. This yields an integer n such that J”(R) G W, so, Tn 
J”(R) E T n W = TJ(R). 
(2) G- (1). Suppose R/I is subdirectly irreducible. Let T be the ideal of 
R such that 1% T and T/I = H(R/I). Using Nakayama’s lemma and (2), we 
have I? TJ(R) I> T 177(R) for some n. It follows that J”(R) c I; so R/Z is 
Artinian. 
(1) o (3). Immediate from Proposition 5.4 and the fact that, for a 
subdirectly irreducible ring S, J”‘(S) = 0 holds iff J(S) is nilpotent. 1 
It is known (and clear from Proposition 5.8) that the right AR-property for 
J(R) implies J”(R) = 0. We proceed to show that, in a Noetherian right 
Morita ring R, the right AR-property for J(R) can be established by a 
Noetherian induction. Our analysis of “minimal counterexample” also 
reveals where the shoe pinches in general. 
5.9. LEMMA. Let R be a right Noetherian ring and T be a semi-prime 
ideal of R with the right AR-property. If sBR is a Noetherian bimodule such 
that each prime ideal in att’B is an associated prime of T then ,B, is right 
semi-primary. In particular, att’ B = ass B, . 
Proof. Let {CL,..., C,} be a complete set of cells in B. For each i = I,..., n, 
choose a subbimodule Di of B maximally subject to Din Ci = 0. Then B/Di 
is biuniform with att’(B/D,) = rR(C,) which is an associated prime of T. 
Choose a right R-submodule K of B/D, maximally subject to Rf? 
(C,/D,) = 0. Since C,lD, is torsionfree as a right (R/i”‘)-module, the right 
AR-property of T yields (BIDi) p c j? for some n; cf. [ 16, Proposition 2.81. 
Thus (BIDi) T = 0. So, every assassinator prime of (B/Di), contains T. 
Proposition 1.6 now implies that each B/Di is right primary. The last part 
follows from Lemma 3.1. i 
5.10. LEMMA. Let R be a semi-local Noetherian ring such that 
J”(R) # 0. Assume that J”(R/I) = 0 for each non-zero ideal of R. Then R is 
subdirectly irreducible with H(R) = J”(R). Moreover, R contains an uneven 
subbimodule. 
Proof. Set J” = J”(R). If R is not subdirectly irreducible, then 
Proposition 5.4 (or 5.8) implies J”‘(R) = 0, contrary to our assumption. Since 
J” does not contain any non-zero ideal of R, it follows that J” = H(R). By 
Nakayama’s lemma, we have J(R) J” =J”J(R) =O. Thus, J” is 
homogeneous semi-simple as a right R-module and also as a left R-module. 
Let rR(Jo) = P. Then R/P is a simple Artinian ring. 
Now consider the ring R = R/J”. Let { ci ,..., cn} be a complete set of cells 
in 1. If each rR(ct) is a maximal ideal of R, then, using Proposition 5.8 for 
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R, it follows that R is Artinian and so J(R) is nilpotent, contrary to our 
hypothesis. Say, Q = rR(CI) is not maximal. Using invariance of “simple 
Artinian” under -, it follows that Q’ = d,(Ci) is also not maximal. Now 
consider the full inverse image Ci of Ci in R. Assume for a moment that Ci 
is right primary. If J” is not right essential in Ci then P = Q, contrary to our 
choice of ci. However, if J” is right essential in Ci then the main Lemma 4.1 
shows that Q-R P; the invariance of “simple Artinian” under - makes R/Q 
Artinian, contrary to our choice of Ci. Corollary 2.3 now shows that Ci is 
right uneven. A similar argument shows that Ci is left uneven too. 1 
As the above lemma shows, if Jacobson’s conjecture does not hold for 
semi-local Noetherian rings then there exist prime semi-local Noetherian 
rings R, S and an uneven faithful Noetherian (S, R)-bimodule B containing a 
cell which is simple as a bimodule. Conversely, if ,B, is such a bimodule, 
the Jacobson’s conjecture fails for the generalized triangular matrix ring 
(i ,“I* 
We now consider Noetherian right Morita rings; i.e., rings R such that an 
appropriate subcategory of mod-R has a Morita duality. We refer to [ 15,261 
for accurate definition and properties of Noetherian right Morita rings. 
5.11. THEOREM. If R is a Noetherian right Morita ring then J(R) has 
the right and left AR-property. In particular, J”(R) = 0. 
ProoJ: It is known that any right Morita ring is semi-perfect [26] and 
any factor ring of the right Morita ring is right Morita. If S is a right 
Noetherian right Morita ring with J”(S) = 0 then [24, Theorem 71 shows 
that S is J(S)-adically complete; so, J(S) has the right AR-property by [23]; 
or [ 151. A Noetherian induction using Lemmas 5.9 and 5.10 now suffices to 
complete the proof. I 
6. SEMIPRIMITIVITY 
The main result of this section is the following: 
6.1. THEOREM. Let R and S be equivalent prime Noetherian rings. Then 
R is semi-primitive iff S is semi-primitive. 
In fact, after some preliminary results, we show that the conclusion of 
Theorem 6.1 holds even when the hypothesis is considerably weakened. If 
one uses the hypothesis of Theorem 6.1, part of the proof of Lemma 6.6 
becomes redundant. 
A brief outline of our proof of Theorem 6.1 may be of help. Suppose R 
and S are prime Noetherian rings and sBR be a Noetherian bimodule which 
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is non-zero and torsionfree from both sides. Let E be the endomorphism ring 
of the right R-module B,. Regard B naturally as an (E, R>bimodule and 
identify S with the appropriate subring of E. Proposition 6.2 shows that 
J(R) = 0 iff J(E) = 0. Lemma 6.5 shows that E is a right order in a simple 
Artinian ring and sE is a finite-dimensional torsionless module. With this 
information, Lemma 6.6 allows one to show that J(S) = 0 implies J(E) = 0. 
The same argument on the other side shows that J(R) = 0 implies J(S) = 0. 
We note that there is no assurance that E is Noetherian cf. [9]; this forces us 
to deal with orders in simple Artinian rings. We have chosen to work with 
one-sided orders in semi-simple rings. 
We recall that a right R-module M is said to be torsionless if 0 = n { ker f: 
f E Hom(M,R)}. The trace ideal of M, is defined as {Cf(m):fE 
Hom(M, R), m E M). 
6.2. PROPOSITION. Let R be a right order in a semi-simple ring and M 
be a faithful torsionless right R-module. Then R is semi-primitive 13 End MR 
is so. 
Proof. Let I be the trace ideal of M. If Zr = 0 for some r E R then, for 
every m E M and every f E Hom(M, R), f(mr) = 0; since MR is torsionless, 
we have mr = 0 and so r E rR(M) = (0). It follows that Z is an essential right 
ideal of R and so contains a regular element of R. 
Set E = End MR and N= Hom(M, R) treated naturally as a (R, E)- 
bimodule. We proceed to do some computation in the generalized matrix 
ring /i = ($ f) d erived from the Morita context of MR. Evidently, 
MJ(R)NGEnJ(A)sJ(E) [7, p.481. Thus, if J(E)=0 then 0= 
MJ(R) NM = MJ(R)I. Since MR is faithful and I contains a regular element 
of R, it follows that J(R) = 0. Similarly, NJ(E)MsJ(R). So, if J(R) = 0 
then NJ(E)M = 0; since MR is torsionless, this yields J(E)M= 0; so, 
J(E) =O. 1 
6.3. COROLLARY. Let R be a right order in a semi-simple ring Q. Let T 
be a subring of Q which contains R and is torsionless as a right R-module. 
Then R is semi-primitive iff T is semi-primitive. 
Proof. Since QR is the R-injective hull of R,, every R-homomorphism 
f: TR -+ TR can be uniquely extended to a R-homomorphism f: QR + QR. It 
follows that T g End T,. 1 
6.4. LEMMA. Let R be a right order in a semi-simple ring, B, be ajinite- 
dimensional torsionless faithful right R-module and E = End B, . Then E is a 
right order. in a semi-simple ring and there exists a left E-monomorphism 
EE -+ EBcn’ for some positive integer n. 
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Proof: Let Q be the semi-simple right quotient ring of R and R be the 
module of right quotients of B. Then B is really a finitely generated faithful 
right Q-module and a result of Zelmanowitz [9,27] shows that E is a right 
order in the semi-simple ring S = End 8,. 
Using the Wedderburn-Artin theorem, we may assume without loss of 
generality that Q = Of= i M,i(FJ, S = Of= 1 M,,&Fi) and B = Of= 1 &I,+ ,#‘i) 
where each Fi is a skew field. Choose n so that m, < nin for 1 < i < k. Then 
M,(R) is a right order in M,(Q), B(“) may be naturally considered as a right 
M,(R)-module and as such its module of quotients is R(“) 2 
of=, M mixn,n(Fi). Moreover, we can canonically identify E with End Bj,$,, . 
Then EB(n) is simply the direct sum of n copies of rB. Let Ui be the matrix in 
A4 mi,,i,JFi) with 1 on the main diagonal and zeros elsewhere. Let a = 
Cf= 1 ai. We can express a as bc-‘, b E B and c E M,(R). It is then clear 
that I,(b) = 0. Thus x F+ xb is a left E-monomorphism of E into B(“). 1 
6.5. LEMMA. Let S be a left order in a semi-simple ring, R be a right 
order in a semi-simple ring, and sBR be a bimodule which is finite dimen- 
sional, faithful, and torsionless as a left S-module and also as a right R- 
module. Identtfy S with the appropriate subring of E = End B,. Then E is a 
right order in a semi-simple ring and the left S-module sE is finite dimen- 
sional and torsionless. 
Proof. By Lemma 6.4, E is a right order in a semi-simple ring and there 
exists a left E-module monomorphism EE + EB(n). Since sB is finite dimen- 
sional and torsionless it follows that & is finite dimensional and 
torsionless. I 
The next Lemma is designed to show that, in the situation of Lemma 6.5, 
J(S) = 0 implies J(E) = 0. We have changed sides since we prefer to work 
with right modules and right orders. 
6.6. LEMMA. Let S be a right order in a semi-simple ring A. Let E be a 
unitary over-ring of S such that E is a left order in a semi-simple ring Q and 
the right S-module Es is Jinite dimensional and torsionless. Then A can be 
naturally identified with a unitary subring of Q and E is a two-sided order in 
Q. Every regular element of S remains regular in E ad every essential right 
ideal of E contains a regular element of S. Moreover, if J(S) = 0 then 
J(E) = 0. 
Proof. Since Es is finite dimensional, so also is E,. Using Goldie’s 
theorem [4] it follows that E is a two-sided order in Q. 
Let c be a regular element of S. Since Es is torsionless, it can be 
embedded in a direct product of S, ; so I,(c) = 0 which yields lo(c) = 0. It 
follows that c is a unit in Q and so is a regular element in E. 
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Let Z be the subring of Q generated by S and the inverses in Q of the 
regular elements in S. Using the right common multiple property of gs(0), it 
is easily seen that every element of Z can be expressed as SC-‘, s E S, 
c E @7~(0). It follows that Z is canonically isomorphic with A. 
Let K be an essential right ideal of E. Then K contains a regular element 
of E, say d. Assume for a moment that there exists a non-zero right S- 
submodule M of E such that K n M = 0. Then d”K n d”M = 0 for all n; so, 
C{d”M: it > 0) is a direct sum of infinitely many non-zero right S- 
submodules of E, contrary to the assumed finite dimensionality of E, . Hence 
K is an essential right S-submodule of E. It follows [9, Proposition 211 that 
E/K is a torsion right S-module. Hence K contains a regular element of S. 
Now assume that J(S) = 0. We proceed to show that J(E) = 0. 
If possible, let J(E) be an essential right ideal of E. Set T = /i n E and 
consider the ideal Tn J(E) of T. As seen above, the right essentiality of J(E) 
in E yields 0 # S n J(E) E Tn J(E). Moreover, for every x E Tn J(E), 
there exists a unit u in E such that (1 + x)u = 1. Since u is an inverse in Q 
of an element in T, it follows that u E /i n E = T. Hence 0 # Tn J(E) c 
J(T). However, this contradicts Corollary 6.3 since T,, being a submodule of 
the torsionless module E,, is itself torsionless. Hence J(E) cannot be right 
essential in E. (We note that if we were working with prime rings as in the 
case of Theorem 6.1, we would now have J(E) = 0. The general situation 
requires a bit more care.) 
Now suppose J(E) # 0; so, it has to be inessential as a right ideal of E. 
Routine arguments about torsion and uniform dimension show that QJ(E) = 
J(E) Q = Q; cf. [ 11, Proposition 1.41. Let Z be the unique ideal of Q such 
that J(E) Q @ Z = Q and let f: Q + Q/Z be the canonical map. For any subset - - 
X of Q, we denote f(x) as f. We now claim that E is an order in Q, S is a 
semi-primitive right order in z, Z? is finite dimensional and torsionless as a 
right S-module and J(Z?) is an essential right ideal of E. It is evident that 
once our claim is proved, the argument in the above paragraph leads to a 
contradiction. 
Routine arguments suffice to verify that Z? is an order in Q and S is a 
right order in x. Since f(J(E)) G J(E) and f(J(E)Q) =f(Q), it follows that 
.@) is right essential in i?. 
Choose a right ideal K of S maximally subject to K n (Z n S) = 0. Since 
K @ (Z n S) is an essential right ideal of S, it contains a unit of li. Thus E 
contains a unit of x. This provides a right ,!?monomorphism S+ Z?. Since 
K, is S-isomorphic with KS, we get a R-monomorphism 9, -+ KS. It follows 
that 0 = .Z(S,) = Z(g). 
It remains to show that E is finite dimensional and torsionless as a right 
S-module. Choose a right ideal L of E maximally subject to L n (Zn E) = 0. 
As above, we have a right E-monomorphism g: E’, + L,. Since 
L(ln E) = 0, L may be treated naturally as a right S-module and g induces 
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a right gmonomorphism g: &-L,. The assumed finite dimensionality of 
Es now implies that & is finite dimensional. 
Let W be the trace ideal of L,. Then W(In S) = 0 which yields W n 
(In S) = 0 since S is semi-prime. We can now treat W as a right S-module. 
Then f] W: W+ g is a S-monomorphism. Now let x be an arbitrary element 
of L. Since Es is torsionless, we have an S-homomorphism h: E -+ S such 
that h(x) # 0. Clearly h(L) c W, so, (fl W) o h: L -+ S is an f- 
homomorphism which does not vanish on x. It follows that LF and so & is 
torsionless. This proves our claim. As indicated above, it follows that 
J(E)=O. 1 
6.7. THEOREM. Let R be a right order in a semi-simple ring and S be a 
left order in a semi-simple ring. Suppose there exists an (S, R)-bimodule B 
which is finite dimensional, torsionless, and faithful as a left S-module and 
also as a right R-module. Then R is semi-primitive iff S is semi-primitive. 
Proof. Suppose J(S) = 0. Let E = End B,. Identify S with the 
appropriate subring of E. Then Lemma 6.5 shows that Lemma 6.6 is 
applicable. So, J(E) = 0. Proposition 6.2 now yields J(R) = 0. The converse 
is proved by changing sides. 1 
To deduce Theorem 6.1 from Theorem 6.7, we observe that over a 
Noetherian prime ring, any finitely generated torsionfree module is 
torsionless; cf. [2 1, Theorem 5.21. 
6.8. THEOREM. Let R be a Noetherian ring. If each assassinator prime 
of R, is semi-primitive then J(R) is nilpotent. 
Proof. Immediate from Theorems 4.2 and 6.1. 1 
We note that, in the proof of Theorem 5.6, one can use Theorem 6.1 in 
place of Theorem 5.3. We now show that a similar argument works for 
Noetherian rings of Krull dimension one. 
6.9. PROPOSITION. Let R be a subdirectly irreducible Noetherian ring of 
Krull dimension one. Then every assassinator prime ideal of R, is semi- 
primitive. 
Proof. Let P = r,(I-I(R)). By Lemma 5.2, R/P is a subdirectly irreducible 
prime ring. It is then easily seen that R/P is right primitive. If k- 
dim(R/P) = 1, then using Proposition 1.6, it follows that ass R, = (P}. 
Suppose k-dim(R/P) = 0; i.e., R/P is simple Artinian. If ass R, = {P}, we 
are done. Suppose there exists Q E ass R,, Q #P. By Proposition 1.6, Q$ P; 
so, k-dim(R/Q) = 1. Consider the ideal D = fR(Q) of R. Evidently, 
H(R)f D. Assume for a moment that all simple right (R/Q)-modules are 
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unfaithful. Choose a right (R/Q)-submodule L of D maximally subject to 
L n H(R) = 0. Since H(R) is a torsion (R/Q)-module, so is D/L; so, D/L 
has a composition series. Hence there exists a non-zero ideal T of R/Q such 
that DT E L. Since R is subdirectly irreducible, we have DT = 0, 
contradicting the fact that D is a faithful right (R/Q)-module. Hence Q is 
right primitive. 1 
We now deduce the following result due to Lenagan [20]. 
6.10. THEOREM. If R is a Noetherian ring of Krull dimension one then 
J”(R) = 0. 
Proof. Follows 
Proposition 6.9. m 
from Proposition 5.4, Theorem 6.8, and 
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